The nature of input-output relationships in general and ratio data in particular has important consequences for practitioners when the data envelopment analysis method is used to measure technical efficiency of decision making units or production units. Since the data envelopment analysis approach was introduced several studies tried to develop the model from different aspects including when the model deals with ratio data. To date, none of these studies was able to address the aforementioned problem properly and as a result most of them suffered from a lack of clarity in the presence of input-and-output ratios. This study proposes a slacks-based measure of efficiency in the presence of ratio variable. Our approach deals directly with the input excess and the output shortfalls of the decision making units' concerns, and as a result, improved measuring efficiency scores.
Introduction
The use of data envelopment analysis in measuring the relative efficiency score of production unit is rapidly increasing [1, 2, 3] . Prior to using this technique, the popular methods to compute the relative efficiency score of a DMU through estimating a frontier production or cost functions were two-fold: parametric and nonparametric. Parametric frontiers rely on the specification of a particular functional form for production, while non-parametric frontiers have the advantage of not being limited by a priori functional forms. Parametric and nonparametric frontiers also differ from each other on the ground of their error distributions (e.g., half-normal, truncated normal, exponential, gamma, etc.). In addition, to use parametric frontier estimation it is required to pre-specify functional forms (e.g., Cobb-Douglas, translog, transcendental, etc.). However, nonparametric estimators do not rely on these assumptions. Moreover, frontiers are either deterministic or stochastic (non-deterministic). In the former, any deviation from the frontier is assumed to be due to inefficiency. In the latter model, a compound error term is defined to account for inefficiency as well as random noise. A nonparametric estimator is a robust estimator that allows the data to determine the shape of the functional form without any constraints derived from relevant economic theory. Interested readers can find more about the application of estimating parametric and nonparametric frontiers in [4, 5, 6, 7, 8] .
Data envelopment analysis (DEA) is a nonparametric technique that encompasses data in a geometrically way. According to Law et al. [9] , a producer is said to be technically efficient if a firm is using the minimum amount of inputs to produce a maximum level of output. The DEA solves for an artificial frontier comprising a linear combination of the most technically efficient units in the sample. The efficiency scores for a given DMU are calculated relative to this efficient frontier. We can also define DEA scores as the ratio of the weighted average of outputs over the weighted average of inputs when the scores are optimized. The optimization technique compares a couple series of outputs and inputs values. The first series is called the observed values which are simply the particular data points. The second series of values is called the optimal values which are accounted from the best performing DMUs. Since such an optimization is similar to a linear programming method, the constraints in the DEA technique ensure that the weights cannot yield a ratio of outputs to inputs greater than one, implying that a score of unity is the score of efficient units in the sample. Opponents of using DEA technique in applied economics argue that the results are suffered from lack of any statistical analyses, whereas the proponents of using this technique emphasize on using all the information when it calculates the optimal weights of efficiency scores for each DMU [9] . Moreover, Charnes et al. [10] stated that the DEA technique is readily configured to a multiple-input and/or multiple-output framework, rendering it more useful than cost analysis depending on the data available. It is a general consensus that the DEA technique is a proper method to measure DMUs' technically efficiency scores in those applied studies when the presence of public policy and/or regulatory oversight is imperative [4, 5, 9] .
The use of DEA technique, however, is not without major drawbacks. For example, most studies that employed the DEA approach undertook with absolute numerical data, which among other things reflect the size of the units of observation [11] . In other studies, researchers used ratio variable rather than absolute numbers an input (input-ratios) and/or output (output-ratio). This is imperative as it accurately reflects the underlying production function and/or facilitates comparison between units. For instance, in efficiency measurement of financial institutions that financial ratio is included in the model as output variable [12] . Precedent studies expressed that when input and/or output includes a ratio variable then the Banker, Charnes, and Cooper [13] model should be used instead of the Charnes, Cooper, and Rhodes' [14] model [15] . For instance, Emrouznejad and Amin [12] raised the convexity problem of using standard DEA models in a production possibility frontier at the presence of input-rations and/or output-ratio. The researchers specified a new convexity assumption when data contains a ratio variable and proposed a series of modified DEA models which rectify the aforementioned problem. The main objective of this study is to present a set of modified slacks-based measure (SBM) models that take into account the correct convexity of DMUs when the models encompasses a ratio variable and discussed the properties of the proposed models.
The rest of paper is as follows. Section 2 reviews recent studies in different industries that used the SBM models as part of their methodologies. Section 3 presents the methodological framework, discusses the proposed previous solutions for DEA models when a ratio variable is included in the assessment model, and introduces some new SBM models to rectify the problem in the presence of ratio data. The penultimate section presents a numerical example and compares the findings of the model between modified SBM models and BCC models. Section 5 concludes some remarkable points.
Recent Studies on Slacks-based Measure (SBM) Models
Literature shows a reasonable number of publications on SBM models despite they have recently been developed. In this section we briefly review some of those studies and refer interested readers to find more.
In a study, Bian et al. [16] expressed that China's scale-driven economic development has led to great energy consumption in the production process during the recent 30 years. From 1980 to 2012, China's GDP has increased about 20.88 times, while energy consumption (standard coal equivalent, SCE) in 2012 is about 6.0 times that of 1980. The aggressive increase of energy consumption has also given rise to energy shortages, energy crisis, energy price going up and serious pollution and ecological problems. For instance, in 2010, CO 2 emissions in China accounted for about 28.53 percent of the world's total CO 2 emissions, which was much larger than that of the U.S. (i.e., 15.88%). In this regard, China has also been the largest emitter of CO 2 emissions in the world. With the consideration of economic growth, environmental pressure and sustainable development, energy use has become a major concerned research issue in recent years. Bian et al. [16] identified that the economic system in China composed of three internal parallel industries: primary, secondary and tertiary industries. The researchers examined energy efficiency of the economic system in China and its industries using a parallel slacks-based DEA measure approach during 1986-2012. The findings of the study were three-fold: (i) their slacks-based DEA measure model was better than the standard DEA model in providing a viable efficiency measurement for the Chinese energy industry which enabled the researchers to identify sources of inefficiencies caused by internal industries, (ii) Bian et al. [16] recognized that the weak energy performance of the secondary industry was the major source of the inefficiencies in country's economic system, (iii) the economic system observed improvement in energy efficiency performance during the study time period with an exception during 2001-2005, which helped the industry to manage its energy consumption after all.
Production stage and pollutant abatement stage are the two internal stages in the process of a regional industrial system in China [17] . The efficiencies of Chinese regional industrial systems were examined in a research conducted by Bian et al. [17] who used a two-stage slacks-based measure approach in the data envelopment analysis framework. One of the advantages of this model is to decompose total efficiency of the whole regional industrial system into the aforementioned stages simultaneously. The result of the study showed substantial disparities in regional industrial systems' efficiencies caused mostly by the abatement stage.
It is a general consensus that one of the sources of pollution in cities near ports is the air pollutant emissions [18] . Some examples of its adverse effects are depleting the ozone layer, increasing the green-house effect, and producing acid rain. In a study Lee et al. [18] assessed port's environmental performance by examining the relationship between port and city functions through emerging issues like environmental influences. The researchers used a slacks-based data envelopment analysis model to estimate the environmental efficiency of port cities. They chose a couple of desirable output variables (i.e., gross domestic regional product and container throughput), three undesirable output variables (i.e., nitrogen oxide, sulfur oxide, and carbon dioxide emissions), and labor population as their explanatory variable of the model. The researchers were able to identify Singapore, Busan, Rotterdam, Kaohsiung, Antwerp, and New York as the most efficient port cities from environmental perspective, whereas Tianjin as the least environmentally efficient port city.
Akther et al. [19] used a slacks-based inefficiency measure and the directional technology distance function to examine the performance of 21 commercial banks (i.e., 19 private and 2 public) in Bangladesh during 2005-2008. One view of finance discusses the inherent role of credits in developing the rural and urban economies. These credits could be in the format of mobile capital that is used in any projects with high net present values. The researchers extended the model of Fukuyama and Weber [20] to measure performance by assuming a black-box production structure that was opened and assessed by using a two stage network production structure [21] . In the first stage, Akther et al. [19] noticed that deposits were used by commercial banks as intermediate output through combining labor and capital as inputs. In the second stage, the deposits were included in commercial banks' asset portfolios including loans and securities investments. The researchers also considered non-performing loans caused by sudden changes in the values of assets, the status of the economy, and normal functioning of the banking systems. The result showed that deposits were under-produced annually, on average, in the first stage of production, which led to approving fewer loan applications, reducing the volume of securities investments, and yielding substantial default loans (i.e., up to 4 percent of total assets). Had the bank managers operated efficiently the percentage of default loans could have reduced to 2.9 to 3.5 percent. As a result of such reduction commercial banks were able to release their financial sources, expand new loans, and enhance securities portfolios in the country.
Methodological Framework

Problem with ratio data
In a study, Emrouznejad and Amin [12] showed that convexity assumption may fail when at least one of the input or output variable is ratio, and demonstrated that using the standard DEA models for the observation containing ratio data may result incorrect efficiency scores. The researchers provided a couple of solutions for a situation where input and/or output contains a ratio variable which is as follows. First, (i) if the input is being ratio variable, the recommendation is to use both the numerator and denominator of any input-ratio variable and place them accordingly as an additional input and output into the model, and (ii) if the output is being ratio variable, the recommendation is to use both the numerator and denominator of any output-ratio variable and place them accordingly as an additional output and input into the model. Second, instead of using the standard convexity combination for ratio variable the researchers suggested to use the correct convexity combination of ratio variable which is defined as the ratio of convex combination of numerators to the convex combination of denominators [12] .
The slacks-based measure (SBM) model
To circumvent the inclusion of output-ratio and/or input-ratios) problems, Tone [22] proposed a slacks-based measure (SBM) model that is unit free and monotone which makes its efficiency evaluation irrespective of the units of the measurements used for different output and inputs. The SBM model directly uses slack variables, i.e., input excesses and output shortfalls of DMUs. A short explanation of the model is as follows:
Assuming that there are n DMUs, each .
where o represents the DMU to be assessment, and (i = 1,2,...,m) are input excess variable and (r = 1,2,...,s) are output shortfall variable. It is worth mentioning that 0 ≤ ≤ 1 and a DMU (x o ,y o ) is a SBM-efficient if and only if ρ * = 1. We know that a BCC model can be formulated as follows:
Let the optimal solution derived from the above BCC model be ( , * , * , * ). . By comparing the optimum values of the two models, i.e., the * and * , models we can conclude that the optimal * is not greater than the optimal * which implies that * ≤ * .
In the following, some SBM models with ratio as output are presented. First, the standard input-oriented SBM model is as follows:
In the above model, y kj for unit j is calculated from the numerator and denominator of and respectively, i.e. = ( = 1.2. … . ) . Thus, in this input-oriented SBM model's solution, the numerator and denominator of the output-ratio variables are presented as output and input separately.
Second, the standard input-oriented SBM model that evaluates the efficiency score of DMUs against n DMUs is presented. It is worthy to mention that each one of DMUs contains m + 1 input and s output.
In the above model, shows an excess input variable when denominator of the output variable is used as an input variable in model. Thus, in this input-oriented SBM model's solution, the correct convexity for the ratio variable is taken into account. It is worth mentioning that in the standard SBM the convex combination of DMUs for the kth-output is defined as: = However, in the correct convex combination, the kth-output is included into the model as follows:
∑ ∑ which implies that the convexity assumption (when assessing unit o) should be taken into the model as follows:
Therefore, the input-oriented SBM model with output ratio can be presented as follows:
Empirical Analysis
In this section, we presented a numerical example which encompasses a case with mixed output, absolute, and output-ratio that shows the efficiency scores obtained from a modified SBM model is not greater than the ones we found in [11] from conducting the modified BCC models.
Let consider a scenario in which 10 universities used a single input such as total expenditure in million dollars (x) to produce a couple of outputs including y 1 = percentage degree awarded (i.e., in an output-ratio form), and y 2 = amounts of research income in million dollars (Table 1 ). Moreover, suppose that the percentage degree awarded variable, y 1 , is obtained from the following equation:
= Using the methodologies discussed in the previous section, we calculated the efficiency score obtained from both modified BCC and SBM models, which are shown in Tables 2 and 3, respectively.
By comparing the results obtained from the two models and shown in Tables 2 and 3, we can conclude that the efficiency scores obtained from the SBM models are not greater than the ones obtained from the BCC models, i.e., * ≤ * . 
Conclusion
The literature has documented substantial studies in the field of estimating technical efficiency of decision making units using both parametric and non-parametric and deterministic and stochastic frontier analysis. Amongst all the non-parametric methods of measuring technical efficiency of production units or decision making the data envelopment analysis (DEA) and free disposal hull (FDH) have recently been much paid attention by practitioners. DEA is a linear programming methodology used to construct a piece-wise convex surface (or frontier) which "envelops" the data [14] . FDH is similar to DEA, but the convexity assumption is relaxed [23] . With both of these deterministic frontier methods, the distance from each observation to the computed frontier is the measure of inefficiency [8] . In this study, we proposed slack-based measure model on the basis of production possibility set of the Banker, Charnes, and Cooper model to measure the efficiency of decision making units (DMUs) when an input/output ratio variable is included in the model [13] . We also demonstrated the characteristics of the model theoretically and presented empirical application of the model by providing a numerical example. This study shows a significant contribution to the literature by modifying conventional solutions for DEA models used for calculating efficiency of decision making units through slack-based-measure models when input-output ratios are included in the model as independent variables. From economists' perspectives, studies like this when the DEA method is used to measure technical efficiency of decisions making units are not without drawbacks. The major shortcoming of the DEA method is that it is not a fully statistical method and does not account for ransom noise in the data. Instead, other stochastic non-parametric frontier analysis methods such as generalized additive models (GAMs) proposed by Hastie and Tibshirani [24] and generalized additive mixed models (GAMMs) proposed by Lin and Zhang [25] are recommended [4] . Some direction for future research includes the study of the super-efficiency and sensitivity analysis of decision making units with non-ratio data by using slacksbased measure of super efficiency.
